Here, our null hypothesis will be that the
population follows a certain distribution. The
alternative hypothesis is that it does not.

Statistics

Class Notes o O ‘

Goodness-of-Fit Test: Testing a Population’s Distribution (Section 12.1)
The M&Ms company wants to ensure that the Color Percent
distribution of colors in every bag roughly brown 13%
follows this distribution. They sample a random yellow 14%
bag (counting each color) and use that data to red 13%
perform a goodness-of-fit test to see if the orange 20%
distribution is what they want. blue 24%,
Let’s see how that works. green 16%

Definition: Goodness-of-Fit Test: A goodness-of-fit test is an inferential procedure used to
determine whether a frequency distribution follows a specific distribution. We use the

Chi-Square ( z*) Distribution.

Characteristics of the Chi-Square Distribution:

1. It is not symmetric.

2. Its shape depends on the degrees of freedom, just like Student’s #-distribution.

3. As the number of degrees of freedom increases, it becomes more symmetric, as illustrated
in the figure below.

4. The values of #* are non-negative (greater than or equal to 0).

Chi-square distributions

A The chi-square distribution was introduced

df=2 in an earlier section of the book that we
0.2 skipped. Notice how its shape changes with
higher degrees of freedom (which will be
k—1 where k is the number of categories,
like colors in the above example).
0.1 - .

Again, we find critical values or use P-values. Table VIII will give us those critical values.



In practice, what we will do is compare the actual observations (from the sample) to what we
would expect them to be, given that the null hypothesis is true. If a significant difference exists
between the observed and expected counts, we have evidence against the null hypothesis.

So, how do we do that?

Expected Counts:
This is related to the expected values for binomial distributions and so will look familiar.

Suppose that there are n independent trials of an experiment (or individuals in a survey) with
k >3 mutually exclusive possible outcomes (categories). Let p1 represent the (assumed)
probability of observing the first outcome, p2 represent the (assumed) probability of observing
the second outcome, and so on. Then the expected counts for each possible outcome are given

by E,=u =np, for i=1,2, ...,k
° 0O O These p: probabilities
are those assumed in

the null hypothesis.

Goodness-of-Fit Test Statistic:

Let O: represent the observed count of category i (data from sample or experiment) and Ei
represents the expected count of category i. The number of categories is denoted by & and the
number of independent trials of the experiment is #n. Then

We use sigma notation here
to indicate addition of these
terms for i=1,2, ..., k.

approximately follows the
chi-square distribution with k£ — 1 degrees of freedom, provided that
1. all expected counts are greater than or equal to 1 (all £; >1), and
2. no more than 20% of the expected counts are less than 5. OO

O

If these are not met, one option
is to combine low-frequency
categories into a single category.

Again, we calculate £, = u, =np, fori=1,2, ..., k.




This is the only
option for step 1.

The Goodness-of-Fit Test:
Step 1: Determine the null and alternative hypotheses.

Ho: The random variable follows a certain distribution.
Hi: The random variable does not follow this distribution.

Step 2: Select a level of significance, a, depending on the seriousness of making a Type I error.

Step 3a: Calculate the expected counts, E, = ¢ =np, for i=1, 2, ..., k. Recall k is the number

of categories, n is the number of trials, and p; is the assumed probability of the i category
from the null hypothesis.

Step 3b: Verify that
1. all expected counts are greater than or equal to 1 (all E; >1), and
2. no more than 20% of the expected counts are less than 5.

Step 3c:

. (0[.—El.)2

Compute the test statistic y; = Z

i=1 i

where O; is the observed count for category i.

Step 4 (Classical Approach):
Determine the critical value using Table VIII.
All goodness-of-fit tests are right-tailed, so

the critical value is y. with k-1 degrees of

Figurea 2

freedom (Figure 2). Compare the test statistic
to the critical value. If y; > 7., reject the

teritical value)

null hypothesis.

Step 4 (P-value Approach): Figure 3
Use Table VIII or technology to approximate

the P-value by determining the area under the
chi-square distribution with & — 1 degrees of

freedom to the right of the test statistic

(Figure 3). If the P-value < a, reject the null

hypothesis.

o
Step 5: State the conclusion. O O
Instructions for
technology are given

Remember, if we do not reject the null on the next page.

hypothesis, we are not saying that it must be true.
We simply state that we do not have evidence
to conclude it is as stated in the alternative hypothesis.
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Instructions for TI-84 Plus Calculators:
1. Enter the observed counts in L1 and the expected counts in L2 in the STAT editor.

2. Press STAT > TESTS > D: > GOF-Test. ©

3. Of course, tell it that L1 and L2, respectively, are where
the Observed and Expected counts are located. Calculate
degrees of freedom as one less than the number of categories
and enter it for df.

4. Highlight Calculate and press ENTER.

5. The calculator displays the test statistic, the P-value, and
the degrees of freedom (df). The bottom line of output is labeled
CNTRB. That shows the individual terms of the sum that makes up the test
statistic. You can scroll through them with the right and left arrows.

TI-83 and older models
of the TI-84 cannot do
this test. However, a
workaround can be
found on the internet.

Instructions for StatCrunch:

1. Enter the observed counts in the first column and the expected counts in the second column.
Name the columns.

2. Select Stat > Goodness-of-fit > Chi-Square Test.

3. Tell it the column that contains the Observed counts. Tell it the column that contains the
Expected counts. Then hit Compute!.

4. Besides posting various bits for checking (like sample size, degrees of freedom, and the data),
it will display the test statistic (Chi-Square) and the P-value.

expl 1: Is wearing a helmet on your motorcycle necessary? The National Highway Traffic Safety
Administration publishes reports on motorcycle safety. The distribution shows the proportion of
fatalities by location of injury for motorcycle accidents.

Location of Multiple Head Neck Thorax Abdomen/
Injury locations Lumbar/Spine
Proportion 0.57 0.31 0.03 0.06 0.03

The following data show the location of injury and number of fatalities for 2,068 riders who
were not wearing a helmet.

Location of Multiple Head Neck Thorax Abdomen/
Injury locations Lumbar/Spine

Count (out 1036 864 38 &3 47

of 2,068)

Continued on next page...



expl 1 (continued):
Use a 0.05 level of significance to test if the distribution of fatal injuries for riders not wearing a
helmet follows the distribution for a// riders. Follow these steps.

a.) Write down the null and alternative hypotheses.

b.) Use the proportions given in the first table to calculate the expected counts for each category
for the 2,068 riders who died while not wearing a helmet. Record them below. Do not round.

Location of Multiple Head Neck Thorax Abdomen/
Injury locations Lumbar/Spine

Observed 1036 864 38 83 47
Count

Assumed 0.57 0.31 0.03 0.06 0.03
Proportion

Expected
Count (out
of 2,068)

c.) Perform your Chi-Square test at the 0.05 level. Fill out the information below and state your
conclusion.

Test statistic:

P-value:

Conclusion:

d.) Our conclusion is not surprising, except possibly to those who do not believe in wearing
helmets. Look through the CNTRB output (if you used the calculator) to find the category whose
term contributed most to the test statistic. Is it surprising? (You can also compare observed and
expected counts directly.)



expl 2: I have made a six-sided die out of cardboard and must test it to see if it is fair. How
would we do this?
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