Differential Equations
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Basic Theory of Linear Differential Equations (ngher-Order Including Vanable Coefficients)

(Section 6.1) — :

Definition: A linear differential equation of order n is of the form

m a,, (x)y(" D(x)H— +2y(x)- () =b(x) . Here, ao(®), ... an(x) and b(x) depend
only on x, not y. The standard form of a linear diff, eq. is obtained by dividing all terms by
) 10 85 Y ()B4, ()3 42 ).
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We assume that the functions ai(x), b(x), and g(x) are all continuous on some interval / and
a,,{ X) -,é 0 on I . We will further deﬁne the functlons p;(x) to be contmuous on I.

We will use our old friends, homogeneous
and nonhomogeneous, to indicate if
b(x) (and therefore g(x)) is equal
to 0 or not, respectively.

m Theorem 1: Existe nd Uniqueness for Initial Value Problems:
Suppose the functions pi(x) and g(x) are all continuous on some interval (@, b) that contains
the point xo. Then, for any choice of the initial values 7,,%,...7,,> © [e
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there exists a unique solution y(x) on the whole interval (a, b) tothe

‘initial value problem l y("} (x) +p, (x) y(” Y(x)+...+p, (x) y(x)= ith
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Definition: Differential Operator L[y]:
We will define the differential o operator L as

n-1
fL[y]— & y g A AP,y (D” +p, D" gLy +pn)[y] Notice we can then express the

n-1

;télila?d ?c;dm‘z ;};E ilr—lear d1ff eq as? L[y] (x) g(x) |

Now, this differential operator L is linear (as can be proven but is not here). That means that
Ly, +y,+..+y,]= L[yl]+L[y2]+ +L[ym] and also L[c- y] c- L[y] for any constant c.
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We will use this notation later.
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@hon Wronskian:
et f1, j; be any n funct:lons that are (n— 1) times differentiable. The function

Si(x) fz(x) Ja(x)
W s fosees (%) = flfx) s :(x) f,,:(x) is called the
- j]‘(n—-i) (x) f;z(n—-‘i) (x) L f;?(n-l) (x) )
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Online Determinant Calculator:

We will need to calculate some rather complex determinants. Rather than do that by hand (and
drive ourselves to madness), we will use an online calculator. The good people at WolframAlpha
have provided us with www.wolframalpha.com/calculators/ determinant-calculator.

T/heorem 2: Representation of Solutions (Homogeneous Case):
Let y1, ..., ya be n solutions on (a, b) of the diff. eq. L[y] (x) =0 (otherwise known as
Y (%) +p,(x)y" " (%) + ...+ p, (¥) - p(x) = 0) where the functions pi(x) are all continuous on

some interval (a, b).

If at some point xo in (a, b) these solutions satisfy W [y,,...,¥,1(x,) # 0, then every solution of
the diff. eq. on (a, b) can be expressed in the form y(x) =Cy(x)+.. +C y" (x) where
C1, ... Cu are constants. (Proof given in book.)  w— ”“‘"“""’"”Q. :

Recall: Definition: Linear Dependence of Functions:
The m functions fi, ..., fm are said to be linearly dependent on an interval I if at least one of
them can be expressed as a linear com_blr}etlon of the others on /. Eqmvalently, they areli linearly
dependent if there exists constants c1, €2, ...,Cm, not all zero such that ER
e
clf(x)+czfz(x)+ BEE T (x) 0 for all x in I
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Otherwise, they are said to be linearly independent.

It is helpful to remember that the following sets of functions are always linearly independent on
every open 111terva1 (a b). Add to this list as you see fit. e T
ox X 5, ...
{1, cos(x), sin(x), cos(2x), sin(2x), ... cos(nx), sin(nx)}
{e**,e™,...e™ } where ai’s are distinct constants




Eic@Show that the functions are linearly dependent on the interval given. As proof, give
v'alu?s of cor,stants (not all zero) so that ¢, fi(x)+c,f,(x)+¢, f,(x)=0.
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{sin X, COS%X, 1}5 (—o0,0) : |
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Wichia 1 si®x + (-coa®x + -l =0
Iwa +y | P2 1 fz =0

e 3 e
ot SoJ (e 60%»114 Ci *l) Cz ‘~ f) C/‘s- | o .
% e \H\,Q (o 5‘1 auls, L‘ML’L X ( heot aklk &€ re),

how that the functions are linearly independent on the interval given. In other words,
ow that ¢ fi(x)+¢, f,(x)+ ¢ f,(x)=0 ﬁ plies that all three constants are indeed zero.
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Linear Dependence and the Wronskian:

) If 1, ..., ya are n solutions to the diff. eq. ™ (x)+p,(x)y" " (¥)+...+p,(x)-y(x) =0 on the
interval (a, b) and where the functions pi(x) are all continuous, then the following statements
are equivalent. e
.-—-""'"‘-—_‘__
i) y1, ..., ya are linearly dependent on (a, b).

( 11.) The Wronskian W [y,,..., ¥,](x,) 1is zero at some point xo in (a, b).
iii.) The Wronskian W [y,,...,»,1(x) is identically zero on (a, b).
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The following contrapositives of these statements are also equivalent.
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v.) The Wronskian W [y,,...,»,](x,) is nonzero at some point xo in (a, b).

g iv.) y1, ..., ya are linearly independent on (a, b).
vi.) The Wronskian W [y,,...,,1(x) is neverzero on (a, b).

Whenever statement iv, v, or vi is met, then we call {y1, ..., yn} a fundamental solution set for

the diff. eq. on (a, b). e
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f Theorem 4: Representation of Solutions (Nonhomogeneous Case):

" Let yp(x) be a particular solution to the nonhomogeneous equation
YO (%) +p, ()Y P (x) +...+p, (x) - y(x) = g(x) on the interval (a, b) where the functions pi(x)
are all continuous on (a, b). Let {yi, ..., yn} be a fundamental solution set for the corresponding
homogeneous equation y (x)+p,(x)y" " (x)+...+ p,(x) y(x) = 0. |

Then every solution of theT nonhomogeneous _eqn. on the interval (g, b) canbe expreseed in the
form y(x) yp (x) & C, y1 (x) +.+Cy, (x). (Proof glven in book)

We generahze this by saymg that f L [y] (x) =gi/and L[yp] = g2, then any
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@ sing the Wronskian, verify that the given functions form a fundamental solution set for .
~the diff. eq. and then find a general solution:” Y Ua=X® 1o = ¥ 2
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—"""'—éxpl 6: partlcular soltttion and a fundamental solution set are given for a nonhomogeneous

/gguat,lon and its corresponding homogeneous equation.
(a )fmd a general solution to the nonhomogeneous equation. _
b.) Find the solution that satisfies the ‘initial conditions. : ~
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xy"+x)—y=3-Inx, x>0
yM=3, yO=3 y'M=0
=lhx; {x, xhx, x(lnx)}

Q Yoo dux + x + Coxluy 4—/5?,_/’({@)/’&’
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expl 7: Let L[y]=(y"' —xy" +4y"'—3xy, )y, (x) =cos2x, and y,(x)=-1/3.Show that
L[y,]=xcos2x and L[y,]=x. Then use the superposition principle to find the solution to the
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