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Differential Equations
Class Notes °
Laplace Transforms for Differential Equations (Sections 7.1 and 7.2)

Consider the tank with valved input feeders 6 L/min,
shown here. At time ¢ = 0, valve A is opened, o‘o‘ff’g’" ﬁ | ?‘(:L;D_

letting in a brine solution (af a concentration
of 0.04 kg/L) that flows at a constant rate of
6 Lfmmute At =10 minutes, valve A is

closed and B is opened, letting in a t bnne

solution (at a concentratton on of 0.02 kgr’L) that
ﬂows ata constant rate of 6 L/minute.

Initially, 30 kg of salt is dissolved in the tank which has a volume of 1000 L. The outlet pipe C,

-___.'_______._-—————— .
which empties the tank ata constant rate of 6 L!mmute maintains the contents of the tank at
constant volume. Assuming the tank is kept well stlrred, determine the amount of salt in the tank
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As before, we know that! gx input rate — outpuf rate. But how
-l-_'__——.-.-._

el T
do we deﬁne the input rate? It would be

f (f) _ {OngfLXGUn:Lm 024 kg/min,  0<¢< 10 (valveA),
L - 10.02kg/L X 6 L/min = 0.12kg/min,  r> 10 (valve B).
(0) =

Hence, our problem is ?+5—3-ax = g(¢) with initial value/ () = 30.
t

To solve this as we have done before, we would need to break up the time interval (0, ») into

“he two intervals (0, 10) and (10 O__oijnce we did that, the diff. eq. would be pretty
straxghtforward However in the g graph of g(?), there i isa ju ump dise dlscontlnulty that would require

a blt of maneuvering to get past.

But, is there an easier way? We will study Laplace transforms as an alternative. It is more
convenient to solve initial value problems for linear, constant-coefficient equations this way
when the forcmg term. contams jump dlSCOIltmulthS First, we define that the Laplace

F(s) j e f(r)dr 'j-
D

An alternative symbol is I

(a cursive capital L).



We will look into this a lot more. For now, know that we are exchanging a linear, constant- «
coefficient differential equation in th the t—domam fora snnpler gebralc eguatlon in the ~
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The book continues the discussion of this tank if you are interested. ng&%‘l,m s f)
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}& We will let stand the definition given on page 1 but will also clarify that the Laplace transform

o ——— e

ta.E_s a function fO defined on [0, ), and outputs a function F' defined as onpage 1. The
domam of _E(,s)_.ls all tl_le values of 5 i for whlch the 1ntegra.1 egqsts ‘The Laplace transform L of the
fﬁﬁctlon n f(f) is denioted by F or I{f}m

——

This integral is an improper integral. More precisely, F(s) = Ie"' f()dt= lim j e f(t)dt l )
Ixt —m Y

whenever the limit exists. We will pick values for s so that these lu:mts do ex1st
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et u=-2t
du= -2d¢
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Laplace Transforms Tables:

Luckily, we are not the first to travel this road. Here is a table of Laplace transforms for common
functions. Notice the constraints put on s.

Brief Table of Laplace Transforms
e F(s) = Z{f}(s)
i -L, s>0
s
r 1
e s>a
5=
n!
rf, n=12, e s>0
sin bt ,}b 5 s>0
s +b
Y
cos bt ENgTE s>0
nl
e, n=12,... G—a)™’ s>a
. b
e sin bt GeaPt B s>a
$~iq
e” cosbt G—ap+ i’ s>a

Liﬁearity of Laplace Transforms:
We also have this notion that will help us break up more complicated functions and deal with
their terms individually.

let ¢ be a constant. Then, for s > «,

) 2{fi+hH} = Z{(} +E{L},
(3 L{cf} = c2L{f}.
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Definition: Jump discontinuity: A function f(¢) is said to have a jump discontinuity at
%e@ﬁﬁﬂﬂgmmmmmmmmnnmmwmmmwﬁmmggfﬁ)mdﬁg]ﬂ)
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exist as finite numbers.

Definition: Piecewise continuous: A function f(f) is said to be piecewise continuous on a
finite interval [a, b] if f(£)_is continuous at every point in [a, 5], exccEt possﬂ)Iy for a ﬁmte
number of pomts at whjch f (z‘) hasa Jump d1scont1muty

A ﬁmcnon f@ is sald to be piecewise continuous on [0 oo) if f(¢) is piecewise continuous on
[0, N] for all N>0. :

.expl 4: Sketch the graph to determine whether the function is continuous, piecewise continuous,
or neither on [0, 10]. Denote any jump discontinuities.
1, 0<r<l Ao
f@®)=s1-1, l<t<3
-4, 3<t<10
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Definition: Exponential Order: A function f(f) is said to be of exponential order o if there
i —

exist positive constants 7" and M such that ‘f (t )| <ﬂ@: forall t>T7.
‘_____F_________._._.—--—--'“"’—"'— =

T

For example, i (f) =c* Sln6f is of exponential order a= 3 since |e @ <e”.(Here,

M=1and T is any positive constant.)

A common way to determme ifa function f(¢) is of exp(mennal order o is to consider the limit
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We can use L’Hépital’s Rule (below) to find such limits as needed.

L'Hos ltal’s:’L’Hﬁ itaP’s Rule
P : p (:L) o
flim —=- o r lim = th

z—a g(z) 0  z-a g(z:} ...'EOO

lim f( ) lim P },aisanumber,ocor-oo

z—a g{m] z—3a g’( )

Handout: Calculus Cheat Sheet: (Paul Dawkins):
The above L’Hopital’s Rule and much more about limits is available on
https:/tutorial.math.lamar.edu/pdf/calculus_cheat_sheet limits.pdf

s the function below of exponential order? If so, what value of a would you assign it?
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@IS the function below of exponential order? If so, what value of o would you assign it?

f@EO=t>+2
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Theorem: Conditions for the Existence of the Laplace Transform:
If f(¢) is piecewise continuous on [0, ©) and of exponential order a, then Z{/}(s) exists
for s> a. (Proof shown in book.)



