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Differential Equations
Class Notes
Inverse Laplace Transforms (Section 7.4)

Since the Laplace transform is a function (or mapping) that takes an input function f(f) and

outputs its Laplace trausform I{ f (r)} or F(s), we should be able to undo that w1th the i inverse
mappmg And we shall!

We may be gwen a Laplace transform whose form we have on the brief table of Lap lace
“transforms given in the first section of this chapter However, when it is not that simple, we may

have to rewrite the function F(s) by using partial fraction decomposmon Other tricks of the
trade for rewriting this function F(s) will be shown too,
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Let’s begin with a formal definition of thg IInverse L:g_)lace Transform and its linearity.
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!nve "se Laplace Transfarm ]
Deﬁmtlon 4 Given a function F (s), if there is a function f{¢) that is continuous on g
[0, =) and satisfies .

o B
(2) ${f} =F,
then we say that f(t) is the inverse Laplace transform of F(s) and employ the notation -
f=%{F}.
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Theorem 7 As'mme that .5‘3‘1{ F} .S.L"’*1 {F, },and $71{F,} exist and are continnous

i on [0, =) and let c be any constant. Then !
3 EYR+B} =R} +LHR),
(4) LY eF} = & F) .
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When solving a diff. eq., we want a function that is continuous. Fortunately, it can be shown that

if two different functions have the same Laplace transform, at most one of them can be
continuous. That continuous one is the solution we seek.
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Again, we will want that table of common Laplace transforms in hand as we complete these

problems.

Use the notation Z'{F} as you work.
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& Wetermine the inverse Laplace transform of the given function.
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As we said, sometimes the form F(s) is given so that the function f(¢) is not readily

deciphered. We rmght need partial fraction decomposition or completmg the square to rewrite
the glven Fl (s) A brief review of both procedures follows
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~ Recall: Completing the Square:
Completing the square is a technique that forces an e_)g_g_ression_ m the form as{_;l-_‘bs + ¢ into the
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We will use completing the square to rewrite an expression such as s - 6s = 13 as (s— 3)2 +2°
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which is more accessible for the Laplace Transform Table.

To recall the procedure, look at this example:
,--———‘-——--ev

(s—3)2=327_t_5._5'_+9

=% =-3 £3)%=9

So, we are mterested in going from s?—6s+9 back to the (s — 3)2 form. If we were just given

the s°—6s part, how would we ﬁgure out | the constant that completed” 2 fe 80 thatwe
could factor it as (s = 3)2 9 — Pt lie

And what if we were given s* — 6s +34? Complete the square here.

P 32*@5i+34—5} - .g—32
Sy (s-3%+ 25

1
=L-- -3 (=9

4 "expl_\lyetenmne the inverse Laplace transform of the given function.

5
{f} 32—6s+34
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etenm'ne the inverse Laplace transform of the given function. -
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V' Recall: Partial Fraction Decomposition:

A A

We briefly review this method. Recall from calculus that a rational function of the form
P(s)/0Q(s), where P(s) and Q(s) are polynomials with the degree of P less than the degree
of Q, has a partial fraction expansion whose form is based on the linear and quadratic factors
of Q(s). (We assume the coefficients of the polynomials to be real numbers.) There are three
cases to consider:

1. Nonrepeated linear factors.
2. Repeated linear factors.
3. Quadratic factors.

Nonrepeated Linear Factors
If Q(s) can be factored into a product of distinct linear factors,

Q(s) = (s—r)(s—n) - (s—n),

where the r;’s are all dlstmct real numbers, then the partial fraction expansion has the form
il
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where the A s are real numbers. Thcre are various ways of determining the constants
Ay, ..., A, In the next example, we demonstrate two such methods.

2. Repeated Linear Factors

If s — r is a factor of O(s) and (s—r)™ is the highest power of s — r that divides Q(s),

then the portion of the partial fraction expansion of P(s)/Q(s) that corresponds to the term

(s=r)"is

where the A;’s are real numbers.

3. Quadratic Factors
If (s — &)* + B° is a quadratic factor of Q(s) that cannot be reduced to linear factors with real

coefficients and m is the highest power of (s — & )* + f that divides Q(s), then the portion of
the partial fraction expansion that corresponds to (s — a)? + B is

C;S+D[ + CES+D2 + T C'ms'l'Dm
(s—a)+B [(s—a)+p) [(s—a)?+ B 1"
As we saw in Example 4, page 369, it is more convenient to express Cys + D; in the form

Ai(s —a) + BB; when we look up the Laplace transforms. So let’s agree to write this
“portion of the partml fraction expansion in the equivalentform . ey
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Af(s — @) + BB  Ax(s — a) + 8B, 4 Agls — a) + BB,
{S"'d’)z'l'ﬁz f(s‘—a) -{-Bl I{s_a)3+82]px‘
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FEs) = £ L0eX

expl 5: Determine the inverse Laplace transform of the given function. -
2 s —
Fls) = 5s +3;1.s+53 ~
! s+3) (s +1)
57+34s+3. _ A 0B C

= Y — T __
(e () | e w
(utkiply a2 by (s3> (1)
gyt 3 = A (s+INSH) ¥ B (s+) +C(s+3)
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. esin3 = (€7 45+3) g(st) t C (P+ 65 +9)
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expl 6: Determine the inverse Laplace transform of the given function
7s* —41s+84 ’ =8
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