What do y-values approach as x
approaches infinity? In other words, what is
happening at the ends of the graph?

Calculus I =
Class notes o OU
Limits at Infinity (section 2.5)

In the last section, we explored limits such as Im;; ] , and notioed that the answers could be
S . [, x> X '.* o

1nﬁn1ty or 1ts negatlve Interesting. As x approached some finite number, the y-values
“approached mﬁmty or its negative. Let’s sw1tch _t_:he questlon around ablt and ask “What

nappens to the y—values as x approacnes lllfllllty’

“We have actually answered this - question before in algebra class. You have studied the end
behavior of polynomial functlons and horizontal or oblique asymptotes of rational functlons So,
“we will play with those kinds of functions but also explore this question with regard to

trigonometric or transcendental functions.

Definition: Transcendental function: A function that cannot be written as a finite combination
of addition, subtraction, multlphcatlon division, raising to a power or roots. Examples include

y=¢e", y=log,x,or trig functions.
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We will explore these at the end of

the Notes. First, let’s deal with

some more familiar functions.

A fun application of the
question we answer he;"e might
be to figure out if a population or

oscillating structure reaches a steady state as time progresses.

Start on the Standard
Window but you’H want
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to change your wmdow

expl 1: Usea graph to determine lim2x~® and lim 2x7®
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X to something like
[10,101x[0, 0.001].
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Do you remember the
‘horizontal asymptotes of
rational ﬁmctlons'? :
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: ;If ) ‘becomes arbitrarily close to a finite number L for all sufficiently large and pos1t1ve X, -
| then we write hm f (x)=L.Theline y=Lisa horlzontal asymptote of f(x). '
The same thing goes for lim f(x) =M where we would say f(x) becomes arbitrarily close to a
\ finite number M for all negative x-values that are “sufficiently large in magnitude”.
¥i f
We use M here to indicate that the two limits ; hrg f{ :) = L ;
are not necessarily the same number (but will il T e
be in the case of rational functions). —
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Here is an example of a function where the- ) {x>—x} lE
two limits are different. - — f— -
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We will use the rules we T | Jiny f# x) "M’
were given in an earlier /= 2.3/} ” i
sectlon Go term—by—term — Figure 2.30
@
Algebraically (Analytically) Finding Limits: = :
g | v ey 2 When thmkmg about y= /
( expl 2;\:Fmd the following limit. < magme 5 o ttmg blgger
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Definition: Limits at Infinity and Horizontal Asymptotes: 6F
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expl 3: Find the following limit. S ot “‘\-’}
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For an added bonus of “Wha?”, try graphing the function y= coix first on the Standard
— = = e = X S I

Window and then on the window [-50, 50] x [-0.01, 0.01]. Be sure you are in\"Rédian MODE.
OGO e e

Is the universe
playing tricks on us?

Infinite Limits at Infinity:

Wha??
What functions have you seen that satisfy f'(x) approaches positive or negative infinity as x
does the same? N —— _

'Definition: Infinite Limits at Infinity: If f () becomes arbltranly large as x becomes
arbitrarily large, then we wnte! hm f (x) =c0. Similar language will be used to describe

7- Agam these hmlts =
~do not exist but this
- rxs a handy -1_1_Qtat_mn. '

xliIme(x) 0, hmf(x)——oo and hm f(x)_—oo

Do you recall the four types of end behavior for

polynomial functions?
_
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@nd Behavior of Polynomial Functions: -
end behavior (how the y-values behave at the ends of the graph) of polynomial functions is A

olely determmed by the leading term (term with the highest exponent) The leadmg coefficlent
is the coefficient of this term. The degree i 15;\ this ]Jlg?est exponent.
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Below is the Leading Term Test, used to determine thé end behavior of any polynom1al Vs F¢
function. If you need more review, ask me and I will direct you to my Algebra Worksheet

Polynomial Functions: End Behavior on www.stlmath.com.

Leading coefficient is negative | Leading coefficient is positive | - 3 A ~
Degreeisodd | as x—>—o, y—>® / as x——, y - [olpul] %’-X |/
2 { |/
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Degreeiseven | 45 X — =0, y ——® | as x>, yo o ot

as X—> 0, ¥~ p— _,\,,,- as X —» o0, y->a0

Pichore Y=-X" 'V,
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Here, we write this knowledge in terms of limits at infinity.

THEOREM 2.6 Limits at Infinity of Powers and Polynomials
Let 12 be a positive integerand let p be the polynomial
plx) =ax }1» a.. it‘"_i + oo ax® + gx + ap, where g, # 0.

et

1. lim x"= o« whenniseven

o e ————
2. limx" = wand lim x" = —% whennis odd.
X rebemit O *
i : ’
3, lm = Im x"=10
gt ) x b
4, lim p(x) = hrzl. a, x" = * oo, depending on the degree of the polyno-
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mial and the 51gn of the leading coefficient a,. O @

7 Recall the Way a polynomlal is
- wntten The term a,,x’? is the leadmg
== termwhere a,, is the Ieadmcr =
5 _coefﬁelegt' d n is the degree =)
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Only the leading
terms need be
- considered.
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Limits at Inﬁmty for Ratmnal Functlons

After some practice, you will be able to do some of these intuitively. Remembering the rules for
horizontal and oblique asymptotes for rational functions will certainly help.

"‘“ﬁ A good technique is to divide all of the terms in the rational function by x" where n_isthe
Hegree of the denominator, You then deal with the limit term-by-term. Let’s try that before we
explore the rules. =

D1v1de every

expl 5a: Find the following limit.

. el®)

. 2x+1
lim =
x—e It D

i 7%

7 = ~+ .

= JJ;‘UU\, p.d X‘? =
Xroe  3x* g

X

X+

Interesting, hmm? (Dot
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The following information is based on what we learned about rational functlons back in algebra. o
Recall, the horizontal or obhque asymptotes otes of these functions depended on the degrees of the 3

top and bottom — e e s

——

THEOREM 2.7 End Behavmr and Asymptetes of Ratmnal F unetmns

e

X
Suppose flx) = M is a rational function, where

q(x)
i3 - ‘I ' 15]
p(\”) = a”rt"’_,s"+ T 13”"—i 4+ ==+ (t_z,rz +ax + gy and W1 » jﬁ{fl‘é’ & On~ g ?D
q(_r) = bn‘rﬂ + bﬂ_ i.‘_ﬂ—i + s "’{"‘ bz.{'g + bl,f + bﬂ' Y\ (; Mﬁ&e W bO

witha,, # Oand b, # 0.

(a. Degree ol numerator Iess than degree of denominator If m < n, then
&“ hm f(x) =0, andy = 0isa horizontal asymptote of £

o
\ e b. ,Degree of numerator equals degree of denominator If m = n, then
x Tt { A w
f)l' 15, hm f( = a [t and) m/b,, is 2 hor:zontai 1 asymptote of f.
0 A (e Degree of numemtnr grealer than degree of denominator If m > n, then

-3 lum f( x) = o or — %, and f has no horizontal aaympmh.

d. &am asymptote If m = n + 1, then hm flx)y == er Wnd £ has no
horizontal asymptote, but f has a slant dsympiote i

—

e. Vertical asympiotes Assuming f is in reduced form (p &ncj g share no wm .

) mon tacmrs vertical asymptotes occur at Ihc zeros of ¢ Y,
k ) ) p —— S et s i RS I* L\-é}‘\ e LTE éj j.u't =

: The book uses ‘-‘_Slant”_ instead of
oblique. They also add a bonus

expl 5b: Redo the limit here by
usmg thlS theorem.

) —-1*"““ = ( -about vertical asymptotes but it has
lim > s 5 nothing to do with these limits.
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We lerew
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The techmque we developed in example 5a was not a complete waste of time. Consider these

examples. +—
ekpl 6: Find the following limit.

— by \/_ X to get started here

. 40x* +x+5x
lim
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Here we shauld not dmde alI by
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A Word About Example 7:
This issue only arose because the limit assumed x was negative. We would not do anything

g —

e
\/— x> on top and bottom Would be fme as

=L

spec1a1 1f tl}er’h;mt was “as_x — «”. Dlvxdmg by

TR —— S S ——

they are mdeed equal when x 1s posmve '},;,}«

I w1ll leave it to you to fmd thp 11m1t as x — 0. You wﬂl see that you geta dlfferent answer.

——

gain, thls is not a ratlonal functmn as the bottom i8 nor a polynormal o°

Graph the function,
grasshopper‘ :

Interesting, this function has a different horizontal asymptote on the le left as it has on the right.

Vertical Asymptotes:
You might be asked to find the vertical asymptotes of a rational function. Let’s do a quick

example to jog your memory.

——

’//p@F ind the vertical asymptotes ( 2 and holes if they exist for this rational funct1on

= (x+3)6=7)

)=
x(x~
T . /_3,9 Xz 2 ~ Cancel the conlxhou_factor
‘P O() - “’T _Q}ZCLQ”IL hisl Then, the VA occurs where
: “the bottom nis0. 1 The zeros of
; "‘0 =
\/\P( ' X =0 Cb.ﬁ.@aﬂ«*ﬁ lgm‘(m ' any cancelledfactors are holes ™\
- \1’{41}"@> mthe graph Draw it now. =

Xt 10 (ﬂ o

,_,____.
X+3 =0
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= Thegraphofy e canbe

Recall that e is
irrational number

:thought of as a reflection of y=e*

over the y-éxis The natural log
function (y =In x) is the inverse of

——thvcxponentlal functlorl y=e:

approximately equal
to 2.72.

Fill in these limits as you see them from yaur fine graphs.

lim e* = limInx=
x—>—o x=0*
B Iimlnx=

X x—o

expl 9: Find the following limits.
a.) lim (1-Inx)

X—>0

b.) lim (1 ]nx)

x—0"
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