We explore the slope of the

tangent line on a graph to

understand its meaning.

Calculus I
Class notes o O
Introducing the Derivative (section 3.1)

The slope of a tangent line, which is the instantaneous rate of change of the function, takes on
dlfferent values as you traverse the graph. Recall the graph below we were exploring when we
first thought about this.

Recall this is the pamal graph for the —
m n s(f) = -16t> + 96t where s(¢) is i’:}::{;z&:{;ﬁ: 5§ .

s = =16+

“the helght of arock 7 seconds after it has
been thrown straight up.
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jA( Draw in the three different tangent lines for
. the values 1= t= 1 2, and 3 -

Notice how the slopes of these lines differ
from one another. The slope depends on the
value of ¢ because the shape of the graph 4 ; : ; >
depends on ¢ Timets)

Heipht above ground (00

The values of the slope of a tangent line to the graph (which we found as the limit of the slope of
the secant line) comprise a function we call the derlvatlve of f (x) Let’s start off with another

—— A

projectile example.

( expl 1: _zj& projectile is fired upward. Its position (height, in feet) above the ground ¢ seconds
“after release is given by s@)= —161 + 100z, Find the instantaneous rate of change at 1= 1
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The fraction here is the slope ofthe
secant line between (1 84) and some
other point to its nght Finding the limit
- ofthat as 7 approaches 1, gives us the
slope of the tangent line at 1 =1.
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Interpretation: @
Our result means that the projectile’s height is changmg at the rate. of 68 feet per second When ©

the prOJecmeen in the air for 1 second —

This rate of change will b&dlffmmt for another value of f. Later,
we w111 work on ﬁndmg a formula for this rate of change

The umts we attrlbute
' come from the
formula for slope We
use umts for S(t)
d.lVldCd by umts of =

?& aIIg'T)ra to. ) find the ¢ equatmn of tms tang:é}it_ me_:\that goes through ,

gk —ca

this pomt Use either startmg fcpgaula below. |
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[ POH}JE;S}QE? Formula J-‘/ (;{ 4 l Slope-intercept Formula
Ty—y, =m(x-x) y =mx+b

J ol = b8(k- 0 8':@85( +b
- &Y= -x—6& Q= p8(1)*+ b

We start off with a proj Pr‘ﬁ]ﬂ_ex&mple-becaus_e_it’s nice to imagine the rock and how its position
varies over time. However, we can do this sort of thing with any function.

Maybe we have a function that describes a deer population, or radioactive decay of a substance,
or the weight of a child. For any function, we can find its average rate of change (slope of secant
line) and then use limits to find its instantaneous rate of change (slope of tangent line).

By the way, for any pointon a function’s graph, the tangent line is unique (there’s only one) and
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hence the slope is unique. That is why (in the next section mo ):efthan-na- v) we will call thjs

—_— —_— = = 1 r\rﬂ(‘ y x_ Valul_’,
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Deﬁnmon Rate of Change and Slope of Tangent Line:

The average rate of change i m J on the interval [a, x] is the slope of the secant line between the

pomts (a, f (a)) and (x, f(x)).

< L)S@ A Provided th
o = o e limit exists.
The lnStantiIPEEl_lS rate ef eher_l__ge in f at a 1s m = PE} f (x) _f (@) . This is the slope of the
tangent line at x = a. o \é gl = M Q\: )( f)
B };}(’ The equation of the tangent line (as explored above) will always b y f (a) M (x a) f }}(
\ e N WMt WA
/ exp] 2: For the following functlon complete the following. k f(x)=—3x*-5x+1
“a) Find the slope of the tangent line to f at P=(1,-7). °0 O

Take a to be
1. F}.Ild ‘mtan.

b.) Find the equation of the tangent line. 'E =
c.) Plot f and the tangent line. '
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Jy = - ‘i X + ‘{"'; )  Use your caleulator to
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( I , - graph on the window -
3 : ~ [-5, 51x [-20, 10].




Alternative Definition Using the Difference Quotient: {'?
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An alternative formula we will use from time %i s_lopc T
to time is presented here. Imagine P to be e T e
the point whose tangent line we are

; }f Y
interested in. Then place 2 ‘second point 0 PR S ) /4
Wthh is aTittle to’its right. [
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¥ = {0

" fla + 7y — f(a)
We use & to denote “a 11tth_lz1t"’. s

So, that we read P is the point where x =a fla) -
and Q is the point where_x = a plus a little

bit, or rather x=a + A.
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We find the slope between these two points o
which is the secant line from before.
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When we take the limit of this slope, as we let 7 (the space between
P and Q) approach 0, we once again have the slope of the tangent
line at P We just got there a different way, didn’t we‘?
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AS befor e, the Slwc_ammlg_be called the average rate O
of change of f and the limit (as h approaches 0) of this slope is the function’s instantaneous =
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'expl 3a ‘Use this definition to find the slope of the tangent line at
P= (1 -1) for the function f(x) 3x? —4x, i

JZM .PCa+!1)-—= £(a)
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expl 3b: Continue this example to find the equation of this tangent line at P~

{- ) = _@m(x-a)
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Definition: Derivative of a Function at a Point:
More or less, to this point we have called this tangent line’s slope just the function’s —

“instantaneous rate of change”. However, it is, in fact, the derivative of f at g, denoted P (a)
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This assumes a 1s m the domain of /.
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‘ You can use elther formula we have seen here. So,

f(ﬂ+h)—f(a)

been added to

the 7.

f(x) "f(éi)\
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expl 4 Evaluate the derivative of Sata=25 o O O iR
( mdependent variable.
f(s)=2s-1 g\f\d Q (J') “'".) Recall that a factor’s
N o . _ T conjugate can be useful.
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Klo+n)™ = ke Cio+h)(lo+h)

= Je( oo +20h+ W?)
= look + 20kh + kh*

expl 5 The gravitational attraction between two masses separated by a distance of x meters is (r
inversely proportional to the square of the distance between them, o H(x)= y , \Here, Fis the '
R : X d U R

force, measured in Newtons, and & is a real number. Find F '(10),

Xpressing your answer in
terms of k. Interpret. '
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