The first and second
derivatives of a function can
tell you a lot about ifs graph.

Calculus I 4
' Class notes o® &
The First and Second Derivative Tests (section 4.3)

The concepts of increasing and decreasing as well as concavity come back from algebra here.
We will understand how the first and second derivatives help us determine these important
characteristics of a function’s graph. First, let’s review.

DEFIRITION Increasing and Decreasing Functions

Suppose a function f is defined on an interval 7. We say that f is increasing
on/if f(x,} > f(x) whenever x; and x, are in / and Xy > xp. We say “331.{ is_
decreaqmc on/if f{x,) < f( x;) whenever x; and x, are inf and x, > A
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= An iﬁcrea'sing
~ function will rise
_as you travel left to
-right. A decreasing
~ function will fall.
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As you look at these graphs, imagine some tangent lines. Go crazy and draw a few in. What do
you notice about those of an increasing graph versus those tangent lines on the decreasing graph?
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This realization brings us to our first theorem of this section. Once agam the proof'is given in
the book but your examples should be pretty convmcmg
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THEOREM 4.7 Test for Intervals of Increase and Decrease

Suppose f is continuous on an interval 7 and differentiable at all interior points of /.
7& If f'(x) > Oat all interior points of /, then f is increasing on LIf{x)<0at ail
maf I, th;n f is decreasing on . ——————

) /;.
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expl 1: Sketch a graph of a function f(x) }‘f‘\ \
such that f '(x) <0 on(-2,1) and (4, ) !/ \ gt
but f7(x)>0 on (oo, —2) and (1, 4). W
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On homework, you will see these questions as multiple-choice. What if you were told that
( 2) 07 What would that tell you about the functlon s graph?
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expl 2: Find mtervals on Whlch is increasing or decreasing. ™ Ay factoring skills.
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Sign Graphs

The process, as seen in the previous example, will be to find critical points (where ki ix 0 or

is undeﬁned) and then to fill out a sign graph using these values as endpoints of intervals. .For
" each interval, ‘we need only find out if f tx) is positive or negative. Hence, we only need one
Value in each mterval to test. If one f ltx) is positive in the interval, then all f %x) values will be.
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You can gL@gy%ggap,Egn the calculator to check your conclusions. f | ég)

Local Minimums and Maximums:
A critical point may be where a local min or max occurs but it does not have to be. Check out

this graph where we have both f'(c)=0 and f(c) is undefined.

Find the points
where f'(c)=0
- but there is not a
max xnor min.
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Find the local maxes and mins above. Do you notice something interesting happening on elther INepicy

side of those extrema? We have the First Derlvatn{e Test to put it in words. P

| THEOREM 4.8 First Derivative Test
Assume f is continuous on an interval that contains a critical point ¢, and assume ¥f
is differentiable on an interval containing ¢, except perhaps at ¢ itself,

« If f* changes sign from positive to negative as x increases through ¢, then f has a
focal maximum at ¢. <X Ve mwes (2 and C 4
« If f* changes sign from negative to positive gs x increases through ¢, then f has a
local minimum at ¢ ( X~ \;’@LL‘ e ( 3
« If ' is positive on both sides near ¢ or negative on both :ndu near ¢, then f has
no local extreme value at -
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Connection Between Local and Absolute Extrema:
This one is useful when interpreting a function’s graph.

THEOREM 49 Oune Local Extremum Implies A Absnlul Extremum
Suppose f is continuous on aninterval 7 that contains ¢ local e

s atc.

.x_& + Il a tocal mrmmum oceurs at ¢, then f (c} is the absoluic nm;umum ﬁf fonl

o 1f 2 Tocal minimum occurs al ¢, Iht*n f ( c) is Lhe a’asolmc minimum of f on !
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Here is a good example of why this
true. Would you agree with it?
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“an absolute extremum
Flx)=2x +3*—12x+1
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expl 3: For the following function, locate the critical
pomts of f inthe interval [— 2, 4]. Use the First
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When you testa value inan mterva_l

- remember that you only need to know f =

= 7 lfltWﬂlbe positlve or negative. You ; =
do_’not nee _rto know 1ts value

expl 3 continued: _Theorem 4.9 will
| give us one absolute extremurn
However, you will need some more |
work to find the other. Recall the procedure L
for finding absolute extrema on a closed interval from earlier. 4
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Graph on the window [-10, 10] x [ 10, 150] to check. Remember we are interested in the interval
[-2, 4].
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expl 4: Verify that this function satisfies the conditions of Theorem 4.9 on its domain. Then find
the location an ana value of the absolute extremum guaranteed by the theorem.
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Concavity and Inflection Points:
M
Take a look at this graph. Algebra taught us

the concepts of concave up and down. Now, '

we apply calculus to this graph. £ increases and y == $in x
slopes of tnzent

There is a point in the middle where the graph R Comeave ™R

changes from concave up to concave down. 48 ¥ inCrenses , down ‘

}& This point is.an inflection point. We will also s e [
see thaf the slopes of these tangent lines stop AN t‘mf‘“‘““ Fdecreases and 7
increasing and start decreasing.  am slapes of angent

lines decroase
a8 X IpTTeuses

Below, we see how the derivative plays a
role.

nEFMiTION Concavity and Inflection Point
Let f be differentiable on an open interval 1. If f' is increasing on /, then fis

L concave up on [, If ' is decreasing on £, then f is concave down on /.
//Aa IT f is continuous at ¢ and f changes concavity at ¢ {from up to down, or vice

versa), then f has an inflection point at ¢.

Now, this mentions that “If f' is increasing [or decreasmg] on I

e e e e e —

How does calculus tell us when a function is mcreasmg or decreasmg? That, you say, involves
“finding the functlon S denvatlve What is the der1vat1ve of /"7 And so, we have this test for

S ———

concav1ty

3

THEOREM 4.10 Test for Concavity
Suppose [ exists on an open interval 7,

«If f" > Oonl, then f isconcave upon .

« If f7 < Qonl, then f is concave downon [,
o If ¢ is a point of 7 at which f” changes sign at ¢ (from positive to negative, or vice
versa), then f has an inflection point at ¢,

: Do not read too much into this. It is not necessarily true that
J}( | it f ”(c) 0, then /" must have changed sign and you

’ would fmd an mﬂectlon point. Can you think of an examplé
| where f "(c)=0 for some ¢ but f° has no inflection point

\\ there?



When the Second Derlvatlve Does Not Ex1st

—

An inflection point may also occur when the second
derivative does not emst Here is the graph of such a

e ¥ = fix)
function. — £ does F=y
Concave
Another example is the function f(x) = \/— }/ ey o

. Inflection poing ,
- Concavity Lhanﬂu
fale. _;

Do you have its graph in your head? Concave

up
Flnd the second derivative of f(x)= \/J_C x/ to -
show 1t does not exist at x = 0 (its inflecti ion pomt)
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expl 5: Deterfnine intervals on which the following function is concave up and concave down. €
Identify inflection point(s). Consider the domain ; interval of [-1, o). :
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 Simplify the first
~ derivative as much

as you can before
- finding the second.

. 'Coﬁsult Theorem _4.10 :
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Second Derivative Test:
You may remember from algebra the connection between concavity and local maxes and mins.
Take a look at these pictures, noticing the left graph is concave up and the right is concave down.
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The Second Derivative Test (proven, in part, with the First Derivative Test) is our last piece of
this puzzle.

THEOREM 4.11  Second Derivative Test for Local Extrema
Suppose f" is continuous on an open interval containing ¢ with f'{¢) = 0.

?& « i f"{c¢) > 0, then f has a local minimum at ¢ (Figure 4.383).
«H f"(e) < 0, then f has a local maximum at ¢ (Figure 4.38b).

*If f"{c) = 0, then the test is inconclusive; § may have a local maximum, a Tocal
minimum, or neither at ¢.
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@ Find the critical points for the following function. Then use the Second Derivative Test to

———

ocate local maxes and mins. @
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Recap of Derivative Properties

This section has demonstrated that the first and second derivatives of a function provide valu-
able information about its graph. The relationships among a function’s derivatives and its ex-
treme values and concavity are summarized in Figure 4.41,

Thm 4. F
s |

S8 a smiooth curve

Sdifferentiable on un interval == |

' = Uon an open interval =
Fis increasing on that interval

S < U on an open interval =
Fis decreasing on that fnterval

£ changes sign =

/Tf(’/f’k J s Jocal maxinnun fr=0andf" < 0= ;S% [=0ad " >{=s
of local mindmum fhas bocal maziimum Fhus focal minimum

or

7 = Don an open interval =
[fis concave up on thal Bverval

£ Oon an open interval =

| Fis conenve down on that interval
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Figure 4.41

I changes sign =
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