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Calculus I
Class notes
L’Hopital’s Rule (section 4.7)
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Recall, we could not ﬁnd} hm——— directly because direct substitution gets us g— )and that does
=0 x N
0. : - J =04 X

us little good. Ls g is called an indeterminate form. But, look at this! / '3

d,. '

— (sinx) 08
Take the derivatives of top and bottom and we get p = 1 . Now, takke“‘tl}{_: limit (as x
P =+ E( x)
approaches 0) of this and what do we get? - r ) X | N

Recall, we were told in a previous section that this limit was, in fact, 1. Now we know why. Itis
an example of an ingenious method called L.’ Hopltal’s Rule. We will see various versions of it

but they pretty much all say the same thlng .. .
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With it, we shall conquer limits involving

. . 0
the indeterminate forms 8’ io-, 0-c0,
= - J 0 ‘

L

and oo —o0,

Ve
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THEOREM 4.12 L Hopital’s Rule
Suppose f and g are differentiable on an open interval I containing a with
,ﬁ( g'(x) # Oon/whenx # alf iim f{x} == ifm g{x) = 0, then

S -

~ag(x) ug'(x)’
provided the limit on the r;ghi e‘{:st‘; {oris + o ke The rule also appliesif x — a is

replaced withx — @ x—a*, orx —a".
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expl 1: Find the following limit.
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expl 2: Find the following limi
. cosx+1
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THEOREM 4,13 L’Hopital’s Rule (o0 /®)

Suppose f and g are differentiable on an open interval I containing @, with

g'(x) # Oonlwhenx # a If lim f{x) = = and [im g{x) = =t w, then
X~ g

i 10 )
x—=a g{x) r x—a g'(x) /

provided the limit on the right exists (or is & o). The rule also ap;:he& for

x=—=tw x—at,orx—>a.

expl 3 - Find the following limit. 2x
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Check by graphing y =
—

, = 3% +5°
A good window is [-5, 50] x [-1, 1]. B e 4
Trace to the right end and what do /] /T\

e /
you see? -
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The Indeterminate Form 0-co:

— el®
expl 4: Find the following limit. .

lim (x csex)

x>0
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The Indeterminate Form oo —oc0;  ° OC

These can be tricky and deceptive. The book suggests we convert a limitas x — o to alimit as
t — 0% or vice versa. This is a trick that involves, as you see, a change of variables.

e i i

This works because if x — oo, then '/x — 0" . Do you agree with that? Do you see why we say

!/x approaches 0 from the right?

T ey

t — 0" instead of ﬁnd_mg"the orggmal limit as_x — oo, B

e

! Essentially, we are letting 7= lf’x and finding the limit as.
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@ ind the following limit. @
( lim (x* "+ 165 )

‘_h_=_.r_.—q=---

We will give the book’s suggestion a try. Using a change of
variables to rewrite this limit is good practice as this is auseful
trick. (You could do this problem as is without the book’s suggestion.

Either way, we need a fair bit of algebra.) '

Veridy . D X5 &’;\\x“wbxﬂ = 00~ 0

KT

i (o2~ ) (ab-ac 009"
5@-70-9 A
&,&(ﬁ \]/m‘_’/—;> _-Mx“-ﬂml«(\—-

¥> R X>roe 0

WCL //l:%:> = g0+ O TThsis Mdeterminate.
- M ‘f’fc’m 'FL’Q‘ So
-Hb/fj) w00€‘ ' W i:]QSfN\ / 0.

s Y]eec‘ Jo v i

(0/)( ’TMS has e Mei?zl‘ml\(\afr@"form ‘Vo -/

we)
D : —%_(\—rlfo‘b:)_:_'_ 321
-4 Onet) 22

R 2t




)
‘\ ' {

(!
pt

v

S

The Indeterminate Forms 0%, o, and 1

L’Hbpital’s Rule cannot, once again, be directly used in these cases. We will convert them to the
0/0 or ool form first. These are not covered in the homework but here is the procedure and a
couple to try for a future where you find yourself facing one down.

o S

Procedure:
1. Consider the limit to be in the form lim( it (x)g“)) . (This limit may also be “as x approaches

negative or positive infinity or a from the left or right.)

Analyze L= lim(g(x)-ln(f(x))) . This will be in the form 0-co; convert it to 0/0 or oo/oo and

use 1’Hopital’s Rule.
2.1f L is fini i 5@)=¢b, O ==
L is finite, then Llilg(f(x) ) é O O This e isfrom
_ natural exponential
If L is oo, then lim( ¥ (x)g("))=oo. = finctionfame. -

If L is —oo, then lim(/(x)*)=0.

Note: For 1%, L will be in the form oo-0.

For 0°, L will be in the form 0-(— ).

Recall, the graph-

0 : = ; : . e 5
For o, L will be in the form 0-co. S . Slmphfy, o
.0 & —— = ; ~— simplify, simplify.
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expl 6: Find the following limit.
lim x**

x—0*



= ‘ﬁ“ @ our ﬁrst step sh’ould’always*be’tovenfyihat you in fact’ have 'anmdeten:mnate'form SRR

\ - Flrst,fvenfyits rmand =
/ Optional Exploration: : =

[ otreping lim(e +x)% O-'::?:f'm

| expl 7: Find hln(e +x) for some aeR .
t\ x—0

Pitfalls of ’Hopital’s Rule:
@Be sure you are applying the rule correctly and finding the derivatives of the correct parts.

p / 4 C 3. Asin life, simplify. Be sure to s1mp11fy in between 1terat10ns of I'Hpital’s Rule. Evaluate the
lxmlt as soon asitisno longer an indeterminate form

@ ometimes, repeated use of Hoplta.l’s Rule will lead to unendmg cycles. If that happens, stop
flogging that dead horse and find another method. e

@f, after using I’Hépital’s Rule, you end up at a limit that does not exist, it does nof necessarily

 3x+cosx ) . J_sinx
—— = [lim . Do you see

mean that the original one does not exist. Consider lim—

— w0 x ] x>0

What we did from the first to the second limit? What is the value of the secondM Cl)!

(The first one is actually equal to 3 ) LJ ‘1”9(9 ¢ J_Q/ ~S gr »;'.'Lw::?ik oo
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