: Chapter S tells us more about
: fmtegrals It still amazes me how we
- see - them in the graph of : a functlon

Calculus I ‘
Class notes SUL A S o
Antegration: Approximating Areas Under Curves (section 5.1)

So, we know that f"(x) is the rate of change of a function shown as the slope of the tangent
line at some x-value. That was pretty cool but it gets even cooler when we investigate the
graphical meaning of I i (x)dx.

—

For our first exploration, consider a car moving along

a straight road ata veloc1ty of 60 mph. Thisisa V4
constant Velocr[y S0 its graph is a horizontal line, isn’t ey
it? Here’s a picture of the first two hours of the drive. § i}__ 7 Ty
E w4 {velocity function)

How far does it travel in this time? (Distance would g R '

. 3 \ LTJ— W0+
be s(t)=[v(t)dr ) 120 leg 2wl

o o5 1o 15 20 1

Fime {hr)
Recall, we can label the distance traveled the car’s dlsplacement Now, and this is the truly
‘mind- -blowing p paff ‘draw in the nght 51de of the rectangle this functlon makes with the axes and

e e e e e e

find the area of this rectangle.

W = éﬁr 2= /20

P

beautiful math that eprams at least some of those coincidences.” You would be r1ght Well
done. Let’s get more creative with this velocity function.

Let’s say our car’s velocity function is v(z) = ¢* where ¢ is the number of hours. Give yourself a

qmck graph but remember that we will only need the right side of the parabola (Why'?)




How would we find the area under this curve for [0 3]’? It s all curvy on top so it’s nof so easy as

before. However, we could approximate the area by usmg a series of rectangles.

Here is my drawing of v(f) =¢*, 72 0 with the three points

at t=1, 2, and 3 marked. From those points, I drew and_
shaded ded rectangles. Calculate this shaded area.

Il Ixt lx% 4 (rvut—eS')

How well do these rectangles approxunate the actual area?

e e

net Gt well .

Did we overestlmate or underesttmate the actual area?
e
E—

Try this one. Notice how I chose to draw the rectangles on this second

attempt. Since, we are going to 7= 3, , there look to be only two

rectangles. (The first rectangle technically has 0 height. ) Find this area.

[x| + ¥4 =5

——

(ILL{ (és '

How good is this approxunat10n‘7 Would you say that it overestunated

or uil_C_ig___resmmlﬂd the actual area? |
— ot < qreat erthec

We do this work by dividing the interval [0, 3] into three subintervals, [0, 1], [1, 2], and [2, 3].
When we used the right endpomt of each interval to draw the rectangles, we overestzmated the

actual area. When we used the leff endpoints, we underesrzmated the area.

Let’s cut the difference and center the rectangles on the intervals themselyes. To find this area, 9

it
PR —— e

you will need to ﬁnd some v(f) values first.

Complete the table on the far rlght and then find
this area. You should see that it gives a value

‘somewhere in the middle of the first two P ey

estlmates

AuLd = [ X025+ X3S+ X628 _g%;-_wj.,,,w_ ,
More 1mp0rtantly, look at the plcture and decide if " 254

the estimate is a good one. Does it really look like

t /@4//
0.5 | %"
0.5
1.5 9.25
.25

0.25

it capturzil the area under the curve‘?

U reallly does .
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Our Old Friend Limit Lends a Hand:
Irnagme if we had used more e rectangles. We could have pmpomted the area even better with

e

more, skinnier rectangles The more rectangles we used, the better our approxrmatmn would
become.

What if we had an mﬁmte number of rectangles‘7 You say we can’t do that? Okay, but we can
imagine it, nght‘?

To find this area, exactlyg let »n be the number of rectangles we subdivide the area into. We will
take the limit, as »n —> o, of the sum of these rectangles areas. This, we will sce as we go
through the chapter is the exact area under the curve. For the example we started with, this
would be the exact distance the car had traveled. Let’s do some work to get there.

— _
_(—Efgular Partitions:

Consider a function f(x) that is continuous and non- ¥i
negative on the interval [a, b]. We will label the region

————— g

whose area we seek R. e

Now d1V1de the interval [a b] into_n subintervals of
equal length. To define these subintervals, we will assign
intermediate x-values from xo (which is a) to X ; — -
(which i is b). £ | A
AN

i
!
i
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They are equally spaced and we call the distance between two succeéswe values our

r—-ir—kr—&r—r’ﬂ—ir——,h
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DEFINITION Regular Partition
Suppose [a, b] is a closed interval containing n subintervals

EMENN B E0Y P A A

— T
' b-—a), )
of equal length Ax = “ﬂ:;““,/mtha = Xpand b = x . The endpoints x5, x}, x5, . . .,

X,,—1» X, of the subintervals are called grid points, and they create a regular partition

— i

of the interval [a, b] In general, the kth grid point is -
lx,=a+ kAxfork=0,1,2,...,n. le : yeurselfa moment

— e o




rmwe w111 choose some x-value to  find ifs area.

We will call that x—value Xy l ~ - ["Area of kth rectangle |
. i = height « base
This is how the book shows it. = =fuphx
Would you agree with how /\ el =/
Hr they calcglate_the area of thls ; :
& rectangle? 2 5
- pl—y fir) ,
Take a moment to understand == ‘
why they are using f(Xg). 2B : ;
E 5 7? = [ :. s
0| x=a ?;_r] t Xy s .T&,_,T X esw K ? x,=b X
t; .'r; ' B x
Riemann Sums: AX

Wikipedia.org tells me that Riemann Sums are named after the nineteenth century German
mathematician Bq_rnhard Riemann. One can only assume he was teased mercilessly for his

name until he showed them all by becoming a great mathematician. Bet they got nothing named
after them.

DEFINITION Riemann Sum

Suppose f is defined on a closed interval [a, b], which is divided into n
subintervals of equal length Ax. If x is any point in the kth subinterval EE AR

fork=1,2,...,n, then O
E{xl}m + f{xz}i\r 4 re- o+ f( *)Ax,

is called a Riemann sum for f on [a,b]. This sum is called

+ a left Riemann sum if x} is the left endpoint of [x,_,, x;] (Figure 5. 9). .
» /\x’ « 3 right Riemann sum if x; is the right endpoint of [x, _,, x.] (Figure 5.10); and

« 2 midpoint Riemann sum if x} is the midpoint of [x,_,, %] (Figure 5.11), for
E=1L2 ....n

Ve

{ “Lent Riemann Sum | ] i : Right Riemann Sum } Nh.]pomt Ricmaon Smn
y = fie ¥=fn ¥ =10

T~ g o M

Ol B=ax 8 .. § . X b % o a x5 05 X5 .. w=b Of ax g x5 - X

Figure 5.9 Figure 5.10 Figure 5.11
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Summation (Sigma) Notation:
Writing the calculations for these areas is repetitive and hard on the hand. Mathematicians, being
the lazy buggers they are, came up with shorthand notation. We will use the Greek capital letter

X (sigma).
—

If we want to write 1 + 2 + 3 +... +10, we wﬂl abbreviate that as Z k. e inc index k takes on

- e =

every integer value from 1 through 10. This is an arbitrary symbol (a dummy variable) and you

coulduse » or m as easﬂy as k. The summand is the name for the expression that follows the
sigma (and is the thing you add again and again as the index changes from the Iower limit to the
upper limit). In this case, the summand is £ but it could be any expression. We Wlll play w1th

this notation a bit but mainly use it for our Riemann Sums.

( ?XPI_ 1: Write out the following in expanded form. Do rot bother finding the sum.

T 2 o 2 2 2
2F = [T+ 2 +2 +4" 15

There are many
rules, hererare_only =

Constant Multiple Rule 2“‘& =g E
T et k=1 k=1
celR

Addition Rule E(n,t + by) Ezzk Ebi

( expl 2: Use one of the rules above to rewrlte the followmg Then expand the form.

;sx:5§)(y“ L/<+)Q Q\

\\

4 expl 3: Use summatlon nota‘uon to rewrite the Rjemann Sum given on the previous page.

P,gumq < wBCXjCD AX




You may also put these rules to work.

=

THEOREM 5.1 Sums of Powers of Integers
Let z be a positive integer and ¢ a real number.
'icgm “k:n(n-i-i)
k=1 ) kf! e
no oaln+ D{2n+ 1) 1 a4 1)
= =
Her%’s some space so you can play with them. \/ |+ ?—+ - it +10
‘ |O /_:f/"/:
%_{C (‘-ch_% ”f“g':C'ﬂ <y 7
| o b . T
) TS 4
5 (o 0l o)
2 4y - S
- 1 = Lf + Ut L’! ¥ = 4.5 2. )

Again, the reason we study this is the Riemann Sum. So, here it is in summation notation. You
Akt e =

will also see that we are given the formulas for JC; . They differ depending on the type of

Riemann Sum you are after.

DEFINITION Left, Right, and Midpoint Riemann Sums in Sigma Notation

Suppose f is defined on a closed interval [a, b), which is divided into n subintervals
of equal length Ax. If x; is a point in the kth subinterval [x; _ I’Ik] for

k= 1,2,...,n, thenthe Riemann sum for f on [a, b]is 2 f(x;)Ax. Three

- . - k=1
Cases anscin pracuce. —_—

-

e r——

. E £(x;)Axis a left Riemann sum if I: =a+ (k- I}A.r.‘___‘f,)

2 f(x)Axis a right Riemann sum if X =a-+ k_\r ) %\

E f(x‘l)AxlsﬂnﬁﬁpﬁiﬁtR:emann sum if xk =gq+ (k- )éx )
k=1
j \ i
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expl 4: We are interested in estimating the area under the curve f (x) shown below from x= 0
to x= 9. We will do this by the method of Rlemann Sums

NOtICC the points (x, f (x)) where x is an integer are marked with big dots. For each one of these
dots, draw a horizontal segment over to the vertical line directly to 1ts left. These segments -
complete rectangles (width equals 1) formed by the positive x-axis ‘and the vertical lines drawn
in the graph. Shade in these rectangles. Notice how this shaded area closely resembles the area
under the curve.

-

P‘jm F 1€ Wf/ A Sum
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Since the rectangles all have a width of 1, this value is also the area of the rectangle

Smmang -

S

Rectangle 1 2 3 4 5 6 7 8 9

for| =, <l -
55|05 | 0.2 |85 |4,25]3,5(325(3.5 |4

" of f(x) [and above the x-axis] from x=0 to x=9
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: CQL/(Q (A - T TS AYQUIL

@ = N[y ¥)
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Notice, RS = 2 £lx) - AX
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expl 5: Let f(x)=cosx on[ ] Use n= 21) subintervals.
= L2l

=

a.) Sketch the function on the given interval twice. Use up the space provided.

6o T’ T % L

b.) Calculate Ax and the grid points xo, X1, X2, ... .. Label them on your graphs above.

> :
}:gm,'i,%&xba Wzr\y
OQILE%’L?VZ :
XOXI XZX%

P

AX

c.) Illustrate the left and right Riemann Sums on your pictures. Label which is which. Also, tell
which underestimates and which overestimates the area under the curve. You do d

these sums.

Lot owerestiuates area
thﬂaf UG WtBr On

TP a -Q\c 15 d%réa%h ‘)_%en Q L\"_/ﬁ

RS- w:l OMM’SM.»\A, e Vhe area.
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& mx-+ b /7%1 distanee /ﬁ@f{ﬁ

expl 6a: Approximate the displacement of the object whose velocity is given below. Do so on the
interval 0<¢<4 by subdividing into n=4 submtervals Use left endgomts You mal assume

the units are meters per second. . @)
+3 11
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t rectangle

b =8 |90l o
tt;{ %’“"l"‘
2 %=

3 | ]= |

=

o

L@ - < = 18 2 (\\eier-s_' D




TI Calculator Instructions:
1. Start on the home screen. Press the 2" and then STAT buttons to get to the LIST command.
Arrow over to MATH. Select the option 5: sum(. [This will be the sigma part of the expression. ]

2. Navigate back to the LIST command as before. This time arrow over to OPS. Select the
option 5: seq(. [This will be how you tell it the lower and upper limits for £.]

3. You will enter the expression you want summed using x, the variable x itself, the lower limit
of the summation, and the upper limit of the summation, all separated by commas. Finish with

" two parentheses at the end and hit ENTER. f e
\ and Hie q4¢r O. =

or )\ ’QTL\“’ =
- expl 6b: Try this process out to find the summation from L \‘/3-‘;
g Y

‘the previous page. Write it here in both sigma notation an
what it looks llke on. the calculat@r
what 1t 200

26
/)UW (seq( X+ Vz %, 0 3, | )) /
’ R P T T e g
expl 7: Let f (x)-—-\/; on [1, 3] . Use n=4 subintervals. e
= . - p ‘ ~ {
a.) Sketch the function on the given
interval. Caloulate Ax andthegrid X\ 3
points xo, x1, X2, ... X». Label themon . o
your graph. 5 e B
(43 :3“‘[ J— ) A 77/3
Ax= 5= = e y -

b.) Illustrate the midpoint Riemann Sum on your picture. Find the four values of i + needed to

calculate the Riemann Sum by hand. Start With Z ﬂ J;) Ax and ﬁnd this sum usmg your O

k=] ———

values. The table will help you organize.
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expl 8a: For the following function, use sigma notation to write out the left and rlght Riemann
( Sums. An interval and number of subintervals i is given. Then use a calculator to find the the sums.

f(x) #+1; [0,2];(n=50
Lot XF = ar (k-DAX
=0+ (kDo
X\t 2 @,D‘-}\A""bcbq
3
L i) - (o.owa-ogb y
lefy RS ° 009 VI é((,o,ow-aotb +1 ¥, 04

Y — A 50 o OUD’; Q
—_{), [ +
Q_f eq é ( Ol DLi k‘ £

C aleudsr : 0,0 Som (seq (@04 0,09 +1, Xy ly50,1)

nCEINN __,égfi-

%‘ﬂ\d' }'i:'_m ' (0 . .
- xf =p Tk j@(x\,;_) = (6, 04%)° +|

le = 0 D'Hﬁ\ Be 3 l ,0‘1‘)
o RS "o 46 2 (eniPele
S & Y b A ,L’_;L =
W&d@f ! QUM@& (Co, oqy_)?—H) D,OLD )LJ] 50, |>
- nto acco —_—
‘;Ei‘}?ﬁfiu‘i‘ii‘;‘}?ﬁéﬁgm‘ii?ﬁo%f!:?e;n Pt - —# Gl6lb D
Qrea. % b £00 =X+ |

\ In the sections to come, we will learn how to find this area exactly.
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